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Abstract 

In this paper, we study a class of stochastic optimal control problem with jumps under 
partial information. More precisely, the controlled systems are described by a fully coupled 
nonlinear multi- dimensional forward-backward stochastic differential equation driven by 
a Poisson random measure and an independent multi-dimensional Brownian motion, and 
all admissible control processes are required to be adapted to a given subfiltration of the 
filtration generated by the underlying Poisson random measure and Brownian motion. For 
this type of partial information stochastic optimal control problem, we give a necessary and 
sufficient maximum principle. All the coefficients appearing in the systems are allowed to 
depend on the control variables and the control domain is convex. 

Keywords: Poisson process; backward stochastic differential equation; maximum principle; 
stochastic optimal control; partial information 

1 Introduction 



In recent years, there have been growing interests on stochastic optimal control problems under 
partial information, partly due to the applications in mathematical finance. For the partial 
information optimal control problem, the objective is to find an optimal control for which the 
controller has less information than the complete information filtration. In particular, some- 
times an economic model in which there are information gaps among economic agents can be 
formulated as a partial information optimal control problem (see 0ksendal[8 j , Kohlmann and 
Xiong [6]). 

There are two important approaches to the general stochastic optimal control problem. 
One is the Bellman dynamic programming principle, which results in the Hamilton-Jacobi- 
Bellman equation. Another important approach is the stochastic maximum principle by which 
one necessary or one sufficient condition of optimality can be obtained by duality theory. For 
detailed accounts of the approaches for complete information stochastic optimal control problem 
of the forward system, see the books |15| and the references therein. 

Recently, Baghery and 0ksendal [2 J established a maximum principle of forward systems with 
jumps for under partial information. In [2J, the authors point out that because of the general 
nature of the partial information filtration, dynamic programming and Hamilton- Jacobi-Bellman 
equation can not be used to solve the corresponding stochastic optimal control problem. 

Backward stochastic differential equations coupled with forward stochastic differential equa- 
tions are called forward- backward stochastic differential equations (FBSDEs). Forward-Backward 
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stochastic systems are not only encountered in stochastic optimal control problem when apply- 
ing the stochastic maximum principle but also used in mathematical finance (see Antonelli pQ, 
Duffie and Epstein [5J, El Karoui, Peng and Quenez [5] for example). It now becomes more clear 
that certain important problems in mathematical economics and mathematical finance, espe- 
cially in the optimization problem, can be formulated to be FBSDEs. In 2009, Meng [Tjstudied 
the partial stochastic optimal control problem of continuous fully coupled forward-backward 
stochastic systems driven by a Brownian motion. As in [2], the author established one sufficient 
(a verification theorem) and one necessary conditions of optimality. 

In this paper, we aim at using convex analysis tools to prove stochastic maximum prin- 
ciple for forward -backward stochastic systems with jumps under partial information. More 
precisely, the controlled systems are described by a fully coupled nonlinear multi-dimensional 
forward-backward stochastic differential equation driven by a Poisson random measure and an 
independent Brownian motion. Furthermore, all admissible control processes are required to be 
adapted to a subfiltration of the filtration generated by the underlying random measure and 
Brownian motion. The results obtained in this paper can be considered as a generalization of [7j 
to the discontinuous case. Our paper covers the partial information cases in [2] and [7J. When 
there is no random measure in the systems considered in our paper, the corresponding stochastic 
optimal problem reduced to the case in [7J. When there is no backward system in the systems 
considered in our paper, the corresponding stochastic optimal problem reduced to the case in 

It is worth noting that in 2008, Oksanal and Sulem [9] have investigated stochastic maximum 
principle for non-coupled one-dimensional forward-backward differential equations with jumps. 
More precisely, the forward system does not couple with the backward system, only the backward 
system couples with the forward system. Compared with [9], the system in our paper is fully 
coupled and multi-dimensional. So the system in |9j is a special case of the system in our paper. 

The rest of this paper is organized as follows. In section 2, we give our main assumptions 
and the statement of problem. In section 3, we derive the main result, the sufficient maximum 
principle of the stochastic optimal control problem under partial information. Section 4 is 
devoted to the necessary optimality conditions. 

Moreover, we refer to [12j[13j on the existence and uniqueness of solutions to the fully 
coupled forward-backward stochastic differential equations with jumps. There are already a lot 
of literatures on the complete information maximum principle of forward-backward stochastic 
differential systems. See e.g.|14| [i~0]|llj and the references therein. 

2 Statement of the optimal control problem 

Let (J),jF, P) be a complete probability space and (Q,,J T ,{J r t}t>o,P) be a filtered probability 
space, where {J-t}t>o satisfies the usual conditions, a right continuous increasing family of com- 
plete sub <t — algebra of T . let {Bt}t>o be a d-dimensional standard Brownian motion in this 
space and let r\ be a stationary J^-Poisson point process on a fixed nonempty measurable subset 
£ of R . We denote by ir(de) the characteristic measure of r\ and by N(de, dt) the counting mea- 
sure induced by r\. We assume that ~k{£) < oo, we then define N(de, dt) := N(de, dt) — ir(de)dt. 
We note that N(de,dt) is a poisson martingale measure with characteristic ir(de). We assume 
that {J-t}t>o is the P-augmentation of the natural filtration J-f W ' N ^ defined by V t £ (0, +oo): 

jriW, N) ._ a ( W ^Q < s < t )\/a(N(A, (0,t]),0 < s < t,A € B{S)). 

The following notation will be used in this paper: 

(a, (3) : the inner product in Euclidean space R n , Va,/3 € R n . 
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I a I = \J (a, a) : the norm of Euclidean space R n , Va G i? n . 

(A, B) = tr(AB T ) : the inner product in Euclidean space R nxm , MA, 5 G R nxm . 

ynxm \J (z JjnXtn 



1,4 



y / tr(AA*) : the norm of Euclidean space -R 
Here we denote by A*, the transpose of a matrix A 
(a,P)n '■ the inner product in Hilbert space H, Ma, (5 G if. 
|a|ff 



£^(//) 



F^ 2 (H) : the Hilbert space of C'^.(H)— valued Ft-predictable processes with the norm 
r(t, e)\fiir(de)dt < oo. 

L 2 (Q, J 7 , P; H) : the Hilbert space of //-valued norm square integrable random variables on 

In this paper, we consider the controlled fully coupled nonlinear forward-backward stochastic 
differential equations with jumps of the form 



a/ (a, o)h ■ the norm of Hilbert space H, Ma G H . 
: the Bananch space of //-valued .TVadapted cadlag processes with the norm 

E sup \f(t)\ 2 H < oo. 

0<t<T 

the Hilbert space of //-valued .Ft-adapted processes with the norm 




\f(t)\ 2 H dt< oo. 

the Hilbert space of H-valued measurable functions defined on the measure space 
(£,7r) with the norm J I \r(z)\j 1 ir(dz) < oo. 




dx t 



dyt 
x(0) 



b(t, x t ,y t , z t ,r t (-),v t )dt + g(t, x t ,y t , z t , r t (-),v t )dB t 



+ 



a(t, x t - , y t -, Zt, r t {-),v t - , e)N(de, dt) 

f(t,x t ,y t ,z t ,r t (-),v t )dt + z t dB t + / r t (e)N(de,dt) 

J 6" 



(2.1) 



where the coefficient are the maps as follows: 



b(t,x,y,z,r(-),v) 
g(t,x,y,z,r(-),v) 
a(t,x,y,z,r(-),v) 
f(t,x,y,z,r(-),v) 



[0,T] x R n x R m x R mxd x Cl{R m ) x U - 
[0, T] x R n x R m x R mxd x Cl(R m ) x U 
: [0, T) x R" x R m x R mxd x Cl(R m ) x U 
[0,T] xR n xR m x R mxd x £l(R m ) x U 



R n , 

• R n , 
■ R m , 



Assume that b, g, a, f are Frechet differentiable with respect to the variables (x,y,z,r(-),v). 
For (p = b,g, a, f, we denote by V x tp, V y ip, V z tp, V u tp, V r (.)V the Frechet derivatives with respect 
to x, y, z, u, r(-) respectively. T > is a given constant, and £ is a given random variable in 
L 2 (^,F T ,P;/? m ). The process v. = {v t (uj),t G [0,T],u G fl} in the system ([HQis the control 
process, required to have values in a given nonempty convex set U C R k and required to be 
cadlag and {et}t>o adapted, where £f C T t for all t G [0, T] is a given subfiltration representing 
the information available to the controller at time t. For example, we could have Et = J-(ts)+ 
for all t G [0, T], where 5 > is a fixed delay of information. 
We shall define performance criterion by 



J(v. 



E 



l(t, x t , y t , z t ,r(-),v t )dt + 4>(x T ) + h(y ) 



(2.2) 
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where 

l(t,x,y,z,r(-),v) : [0,T] x R n x R m x R mxd x C 2 n (R m ) x U ^ R, 
<f>(x) : R n —>■ R, 
h(y) : R m — > i?, 

are given Frechet differential functions with respect to (x, y, z, r(-), t> ). We call the control process 
■u an admissible control if it gives rise to a a unique strong solution of the forward-backward 
stochastic differential equation (|2.ip and the following condition holds: 



E 



\l(t,x t ,yt,zt,r(-),vt)\dt + \<p(x T )\ + \h(y )\ 



< CO. 



(2.3) 



The strong solution corresponding to the admissible control is denoted by 

(x.,y.,z,r(-)) = (xM,yW,zW,r"(-)) G S%{R n ) x S%{R m ) x £ 2 r (R m * d ) x F*/{R m ). 

The set of all admissible controls is denoted by A. Ift>. G A and (a;., y., 2;., = (zy^, yy), art ) r^(-)) 
is the corresponding strong solution of (12. lh . we call (d.; y., z , r (•)) an admissible pair. 

The partial information optimal control problem amounts to determining an admissible con- 
trol u. G A such that 

J(u. ) = inf J(u ). (2.4) 

Such controls u. are called optimal control. If (x_, y_, z., ?"(•)) = (xf"\ yy*', zf"', 77 )(•)) is the 
corresponding strong solution of (|2.ip . then (u ;x_,y_,z.,r_ (•)) is called an optimal pair. 



3 A Partial Information Sufficient Maximum Principle 



In this section we want to study the sufficient maximum principle for the partial information 
optimal control problem (|2.ip(|2,2T)(|2.3p(|2,4p . To this end, we need the following two lemmas. 
The main results of this paper are the following 

Lemma 3.1. (Integration by Parts) Suppose that the processes Y^'(t) and Y^ 2 \t) are given 
by 



dY^{t) = b {j) {t)dt + g {j) {t)dB t + / a {j) {t,e)N{de,dt),Y ( - j \0) = G R n ,j = 1.2, 
where &&') e C 2 F (R n ),g^ G £^(ir xd ), cr^ G F^ 2 {R n ). Then, 



E[YV{T)YM{T)]= y lV2 + E 

[-T 

+e' 



Y^(t-),dY^(t)j +Eyj ldY^(t),Y^(t- 
<7«(t),<7< 2 >(t))di +E £ J Jafi\t,e),*P\t,e)\{de)dt 

The proof can be obtained directly from the ltd formula with jumps (Theorem 1.16 in [9]) 

Lemma 3.2. Let f be a Frechet differentiable on Hilbert space H. And let C be a convex subset 
of H. Then f is convex on C if and only if 



H 



f(x) - f(x ) > \ V Xo f, x-xq 

for all x, xq G C. 

The proof can be obtained directly from Theorem 4-1-1. in 
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In our setting the Hamiltonian function H : [0, T] x R n x R m x R mxd x Cl(R m ) xUxR n x 
R nxd x ££(.R n ) x i? m — >■ R gets the following form: 



H(t,x,y,z,r(-),v,p,q,/3(-),k) = lk,-f(t,x,y,z,r(-),v)\ + ( p,b(t,x,y,z,r(-),v) 

+ (q, v{t, x, y, z, r(-), v)^j + l(t, x, y, z, r(-),v) (3.1) 
+ / ( P(e),cr(t,x,y,z,r(-),v,e) )ir(de). 



The adjoint equation which fits into the system (2.1) corresponding to the given admissible pair 
(v_;x_,y_,z.,r_(-)) is given by the following forward-backward stochastic differential equation: 

dk t = -V y H(t,xt,yt,zt,r t (-),v t ,pt,qt,(3(-),h)dt 

-V z H(t, x t ,y t , z t ,r t (-),v t ,p t ,q t ,f3(-), k t )dB t , 

(■ 

g 

l(t,x t ,yt,zt,rt{-),v t ,pt,qt,l3(-),kt)dt + q t dB t + j 

g 



- I ^r(-)H(t,x t ,y t ,z t ,r(-),v t ,p t ,q t ,(3(-),kt)N(de,dt) ^ ^ 

dp t = -X7 x H(t,xt,yt,zt,r t (-),v t ,pt,qt,f3(-),kt)dt + q t dB t + [ /3(e)N(de,dt), 
ko = -V y h(yo), pr = V x p(xt), 



where (p(t),q(t), f3(t, -),k(t)) € R n x R nxd x Cl(R n ) x R m are the unknown processes. 

We now coming to a verification theorem for the optimal control problem (|2.1[) (|2.2p (|2.3|) (|2.4[) . 

Theorem 3.3. (The Sufficient Maximum Principle) 

Let (u,;x,,y,,£. &e an admissible pair and suppose that there exists a strong solution 
(p., q_, °f the corresponding adjoint forward-backward equation (13.2H . Assume that the 

following conditions are satisfied. For arbitrary admissible control (v.; x)"\ y) v \ zy\ ry 3 ' (■)), we 
have 

E (x t - xl v) )*Mt(&t ~ x ( " ] )dt < +oo, (3.3 
J o 

(x t -xj u) )* / /3 t (e)/3;(e)vr(de)(x t -x^ } )(it < +oo, (3.4 



o 



£ / (yt-yn*(V 2 tfV*H*)(i,£t,^ (3.5 



o 

£ [ T (yt-Vt V) Y I (V^tfV^F*)^,^,^ 

(3.6 

£ f T Pti99n(t^\yi V \ri v \-),4 v \m)ptM < +oo, (3.7 



o ./<? 







£ / (aa*)(t,xP,yi v \zi v \r^(-),v t ,e)7r(de)p t dt < +oo, (3.8 



o Jg 

T 



E / ktizf'zl ' )k t dt < +oo, (3.9 



o 



E I K I (rl v) (e)4 v) *(e))n(de)k t dt < +oo, (3.10 



o ./<? 



£ / \H u (t, xt,yt,z t ,f.,u t ,pt,qt, $(■), h)\ 2 < +oo. (3.11 
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ensuring that the integrales with repeat to the Brorwnian motion B and the compensated jump 
parts indeed have zero mean. Moreover, suppose that for all t G [0,T], H(t,x,y, z,r t (-),v,pt, cjt, &(•), h) 
is convex in (x, y, z, r(-), v) , and h(y) is convex in y and 4>(x) is convex in x, and the following 
partial information maximum condtion holds 



E 



H(t, x t ,y t , zt, r(-),ut,Pt, &,$(•), K 



min v£ i/E 



H(t,x t ,yt,zt,r(-),v,pt,qt,P(-),kt] 



Then u. is a partial information optimal control. 



(3.12) 



Proof. Let (v/,x.,y.,z,,r(-)) = (v.; x^ v \ y[ v \ A v \-), z^) be an arbitrary admissible pair. It fol- 
lows from the definition of the performance functional (|2,2p that 



J(v(.))-J(u(.)) =E 



l(t,xt,yt,zt,r t (-),v t ) - l(t,xt,yt,z t ,r t (-),u t ) 



dt 



E 



(x T ) - (t>{x T ) 



h + h, 



+ E 



h(yo) - h(y ) 



where 



h = E 



l(t, x t , y t , z t , r t {-),v t ) - l(t, x t ,y t , z t ,f t {-),u t ) 



o 

h = E 



dt. 



{XT 



\ X T) 



+ E[h(y ) - h(y )]. 



Using Convexity of <p and h, Lemma 3.2 and Lemma 3.1, we have 



h = E 

> E 

= E 

= E 



\ X T) 



[XT 



+ E 



Kvo) - h(yo) 



V X 4>(X T ),XT - X T 



+ E 



V y /t(yo),yo - yo 



Pt, xt — xt 

T 







p ,x - x ) + ( hr, y T - yT J - ( k ,y - y 

T 



x t - - x t -,dpt 



+ E 



o 



p t -,d(x t - x t ) 



+E 
+E 



Qt, 9(t, x t ,y t , zt,r t (-),vt) - g(t, x t ,y t , z t , r t (-),ui. 



dt 



o Js 



Pt(e), a(t, x t ,yu z t , n(-),v t , e) - a(t, x t , y t , z t ,f t (-),ut, e) 



(3.13) 



(3.14) 
(3.15) 



ir(de)dt 
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+E 
+E 
+E 
E 

+E 

+E 

+E 

+E 

+E 

+E 

+E 

L JO 
Jl + h, 




Js 

T 



■r 



L J 




JS 

T 



Vt- -y t -,dktj + E j [k t - , d(y t - y t ) 
- V z H(t,x t ,y t ,zt,r(-),u t ,p t ,q t ,f3(-),kt),z t - z t \dt 

- ^r(-)H{t,xt,yt,z t ,f(-),u t ,p t ,q t ,(3(-),k t ),r t (e) - r,(< ) ) ~l<lt )dl 
- V x H(t,xt,yt,z t ,r(-),u t ,p t ,q t ,(3(-),k t ),x t - x^jdt 
V y H(t, x t , y t , z t ,r(-),u t ,p t , q t ,P{-), k t ), yt ~ Vt) dt 
V z H(t,x t ,y t ,z t ,f(-),u t ,p t ,q t ,(3(-),kt),z t - z^jdt 
■^ri-)H(t,xt,yt,zt,r(-),u t ,p t ,q t ,(3(-),kt),r t (e) -r,(> ) )»(d< )ril 
Pt, b(t, x t ,y t , z t ,r t (-),v t ) - b(t, x t ,y t , z t , r t (-),u t )\ dt 
q t , g(t, x t ,yt, z t ,r t (-),v t ) - g(t, x t ,y t , z t , n(-), ut)^ dt 

(k(e), a(t, x t ,yt, zt,r t (-),vt, e) - a(t, x t ,yt, z t ,h{-),ut, e) ) -(>/( )(// 
h, -(/(*, x t , y t , z t ,r t (-),v t ) - f(t, x t , yt, z t ,f t (-),u t )) ) dt 



r 




Js 

T 



V x H(t,x t ,yt,z t ,r{-),ut,Pt,qt,P(-),h),xt - x t jdt 

- VyH(t,xt,yt,zt,r(-),u t ,pt,qt,$(-),kt),yt - yt)dt 

- V z H(t,x t ,yt,zt,r(-),ut,pt,qt,$(-),k),zt - z^jdt 
^r(-)H{t,Xt,yt,zt,r(-),ut,pt,qt,P(-),h),rt(e) - r t {e) W(de)dt 



E 
+E 
+E 
+E 

E 
+E 
+E 
+E 



and we have used the assumptions (3.3)-(3.11)which ensure that the stochastic integrals with 
respect to the Brownian motion and the Poisson random measure have zero expectation. 

By the definition of the Hamiltonian function H (noting (3.1)) and the definition of I\ (noting 



p t , b(t, x t ,y t , z t ,r t (-), v t ) - b(t, x t , y t , zt,f t (-),u t )j dt 
J (qt, g(t, x t , y t , z t ,r t {-),v t ) - g(t, x t ,y t , z t , h(-), u t )\ dt 

(3 t (e),a(t,x t ,yt,z t ,r t (-),v t ,e) - a(t,x t ,y t , z t ,r t (-),Ut,e) j -[,!< )<ll 
h, -(f(t,xt,yt,zt,r t (-),v t ) - f(t,xt,yt,zt,f t (-),u t )))dt 



Js 

T 
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(3.14)), we have 
f-T r 

E 



o 



/ 

J 



l(t, x t , yt, z t ,r t (-),vt) - l(t, x t ,yt, z t , f t (-),Ut) 



dt 



E 

-E 

-E 

-E 

-E 
'h — J2, 



H(t,xt,yt,zt,r t (-),v t ,p t ,q t ,(3 t (-),k t ) - H(t,x t ,y t , z t ,r t (-),u t ,Pt,qt, P{-),h) 



J (pt, b(t, x t ,y t , z t , r t {-),v t ) - b(t, x t ,y t , z t , r t (-),ut)\ dt 



dt 



Qt, g(t, x t ,y t , z t ,r t (-),v t ) - g(t, x t ,y t , z t , r t (-), u t ) dt 



T 



JS 
T 



(3 t (e),a(t, x t ,y t , z u r t (-),v t , e) - a(t, x t , y t , z t ,h(-),ut, e) ) ir(de)dt 
h, -(f(t,xt,yt,z t ,r t (-),v t ) - f(t,xt,yt,zt,r t (-),u t )))dt 



(3.16) 



where 



J 3 = E H(t,Xt,yt,z t ,r t (-),v t ,pt,qt,Pt(-),kt) ~ H(t,x t ,y t ,zt,r t (-),u t ,p t ,q t ,(3(-),k t ) dt. 
Jo L 

(3.17) 

From the convexity of H(t,x,y, z,r(-),v,pt, qt, $t('), h)) with respect to (x, y, z, r(-), v) and 
Lemma 3.2, we have 

H(t, x t ,y t , z t , r t (-),vt,p t , qt, &(■), h) ~ H(t, x t , y t , z t ,r t (-),u t ,pt, &,${■), h) 
> I V x H(t,xt,yt,zt,f(-),u t ,pt,qt,P(-),kt),xt - x t 



(3.18) 



+ \^yH(t,xt,yt,zt,f(-),ut,pt,qt,P(-),k t ),yt - yt 
+ (v z H(t,x t ,yt,Zt,r(-),u t ,Pt,qt,P(-),k),zt - Zi 

+ (v v H(t,xt,yt,zt,f(-),u t ,pt,qt,P(-),kt),vt -u t )- 



Since v — > E[H(t, x t , yt, zt, ?(•), v,pt, qt, $(■), h)\£t], v € U is minimal for u t and vt,ut are £f 
measurable, we can get by (3.8) 



E 



V v H(t, x t ,y t , z t , f(-),u t ,pt, q t ,P(-), h] 



E 



,v t -u t 



V v H(t, x t ,y t , z t , f(-),u t ,p t , q t ,P(-), h), v t - u t 



(3.19) 



> 0. 
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Hence combining (3.17), (3.18) and (3.19), we obtain 

l-T 



> E 



o 



+E 

+E 

+E 
Ji- 



T 



f 

JO 



V x H(t,x t ,yt,zt,f(-),ut,Pt,qt,P(-), h),xt - xtjdt 
VyH(t,xt,yt,Zt,r(-),u t ,pt,qt,P(-),h),yt ~ yt^jdt 
V z H(t,x t ,yt,zt,f(-),u t ,pt,qt,P(-),kt),zt - h )dt 



J J[ \ ,,.,.//(/..(•,•'//■■:/■/'(•). Hi-Pi-qi- ^H-/>7)- ''/(' ) - n(<-) )n(<lr)(ll 



Therefore, it follows from (3.10), (3.15), (3.16) and (3.20) that 

J(v.) - J(u) = h + h = (J 3 - J2) + h> (Ji ~ J 2 ) + (- Ji + J 2 ) = 0. 



(3.20) 



Since v. G A is arbitrary, we conclude that it, is optimal control. The proof of Theorem 3.1 is 
completed. □ 



4 A Partial Information Necessary Maximum Principle 

In this section, we give a necessary maximum principle for the partial information stochastic 
optimal control problem (12. l|)(|2.2|)(|2.3p (12.41) , To this end, we adopt a similar strategy as in [2] 
and 0. 

In addition to the assumption in Section 2, we shall now assume the following: 
(Hi) For all t,r such that 0<t<t + r<T, and all bounded e^-measurable a = a(cu), 
the control 9 S := (0, ■ • • , 0*, 0, • • • , 0) G U C i? fc ,with 0* =: a^t, t+r]( s )i s e [°; T ] belongs to 

(H2) For given u ,0 £ A, with bounded, there exists 5 > such that it + y0. G *4, for all 

yG(-M). 

For given u ,0 G .4 with bounded, we define the processes (X^ ,Y t , Z\ , R\) t >Q by 



x\ 


■= xi u 


9) 


_ d (u+yO) 

dy 


\y=0 




\r(u, 

■— I t 


0) 


._ d (u+y6) 
- d/t 


y=0 


z} 


■= zi u ' 


0) 


. d Ju+y6) 
•~ dy 1 


y=0, 


R] 




0) 


._ d (u+y/3) 

dy rt 


y=0 



(4.1) 



Note that (X t , Y t , Z t , Rj:)t>o satisfies the following linear forward-backward stochastic differ- 
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ential equation 



dX\ 



V x b(t, x t ,y t , zt, r t (),u t )X} + V y b(t, x t , yt, z t ,r t (-),u t )Y^ 

+V z b(t, x t ,y t , z t , r t (-),u t )Zj + / V r t.)b(t, x t ,y t , z t ,r t (-), ut)Rt(e)ir(de) 

Jg 



+V v b(t, x t ,y t , z t , n{-), u t )9 t 



dt + 



V x g{t, x t ,y t , zt,r t {-),ut)X} 



+V y g{t,xt,yt,zt,r t (-),u t )Y t 1 + V z g(t,x t ,y t , z t ,r t (-),u t )Zl 

+ / V r (.)#(i, x t , y t , zt,r t (-),ut)Rt(e)TT(de) + V v g(t, x t , y t , z t , r t (-),u t )6 t 
Jg _ 

Jg 



+ 



dB t 



V x a(t, x t , y t , zt,r t {-),ut, e)Xl + V y a(t, x t , y t , zt,r t {-),ut,e)Y t 1 



Jg L 

+V z a(t, x t , y t , zt,r t (-),ut, e)Z\ + / V r (.)cr(t, x t , y t , z t ,r t (-),u t , e)Rt(e)ir(de) 

Jg 



+V v a(t, x t ,y t , z t , r t (-),ut, e)0 t 



N(de, dt) 



dY} 



V x /(t, x t ,y t , z t , n{-), u t )X} + V y f(t, x t ,y t , z t , r t {-),u t )Y^ 

+V z f(t, x t ,y t , z t , n{-), ut)Z\ + / V r( .)/(t, x u yt, z t , r t (-),u t )R$(e)w(de) 

Jg 



+V v f(t, x t , y t , zt,r t (-),ut)9t 



XA = 0, Yi = 0, 



dt + ZjdB t + [ Rl(e)N(de,dt) 
Jg 



where (x t , y t , z t , r t (-)) = {x[ u \ % {m) , z { ^\ rj u) (-)). 



(4.2) 



Theorem 4.1. (The Necessary Maximum Principle) Let u(-) € A be a local minimum for 
performance functional J{v{-))(see (2.2)) in the sense that for all bounded /?(•) £ A, there exists 
5 > such that u(-) + yf3() G A for all y G (-5, 5) and h(y) := J(u() + yf3(-)),y G (-5, 5) is 
minimal at y = 0. 

Suppose there exists a solution (pt,qt, Pt(-),h)t>o of the adjoint forward-backward stochastic 
differential equations (3.2) corresponding to the admissible pair (ut,Xt,yt,Zt,r t {-)). Moreover, 
suppose that if X} = xj?' P) ,Y t l = Y t ( "' P \z} = zf' P \ (noting (4.1)(4.2)), then 

E [ (X^yq-tfiX^dt < +oo, (4.3) 
J 

E CiX^Y [ p t (e)PUeMde)xi 1) dt < +oo, (4.4) 
Jo Jg 

E / T (y/ 1 V(V^V^*)(t,x t ^ t ,z t ,f(0,z) t ,p^(7t^(0,4)Y t (1) dt < +oo, (4.5) 
Jo 

(Y t (1) )* [ (V r( . ) iJV r( . ) iJ*)(t,x t ,y t ,i t ,f(0,^,p t ,%^(0,4)7r(de)y/ 1) dt < +oo, (4.6) 
Jg 

E f P*t{U*t)dt < +oo, (4.7) 
Jo 

E [ T p*t [ {CtCt)<de)p t dt < +oo, (4.8) 
Jo Jg 



E 
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E I k* t {z[ l) Z[ 1] *)k t dt < +00, 



E [ k* t I (R^\e)Ei v) *(e))Tr(de)k t dt < +00. 
Jo J s 



(4.9) 
(4.10) 



where 



it = V x g(t,x t ,yt,zt,r t (-),ut)Xl + V y g(t, x t , y t , z t , h(-), u t )Y^ 

+ V z g(t,x t ,y t ,zt,rt(-),ut)Zj + / V r ^g(t,x t ,y t , z t ,f t (-),u t )Rt(e)7r(de), 

+ V v g(t,xt,yt,zt,f t {-),ut)9t, 
Ct = V x <j{t,x tl y u z t ,r t (-),u tl e)Xl +Vya(t,x t ,y t ,z t ,f t (-),u t ,e)Y t 1 

+ V z a{t,x t ,yt,zt,ft(-),ut,e)Zl + / V r (.)a(t,x t ,y t ,z t ,f t (-),u t ,e)Rt(e)ir(de) 

Js 

+ V v a(t,x t ,yt,zt,r t (-),ut,e)9 t . 
Then u(-) is a stationary point for E[H\e t ] in the sense that for almost all t £ [0, T], we have 



E 



H u (t, x t , y t , z t ,r t (-),ut,Pt, <lt,Pt(-),h] 



0. 



Proof. From the fact that h(y) is minimal at y = 0, we have 
Q = h'(0) = E J q (vj(t,x t ,y t ,zt,rt(-),ut),X^jdt 

+E (v y l(t, x t ,y t , z t , f t (-), u t ), Y t ^j dt + E f o (v z l(t, x t , y t , z t ,f t (-),u t ),Z^ dt 

+E jf (vj(t,xt,yt,zt,ft(-),u t ),e t ^dt (4.11) 

+E J (^ r<y .)l(t,x t ,yt,z t ,f t (-),u t ),R^(e)^TT(de)dt 

+e(vMZt),X^J +E(hV y (y ),Y i y 

Applying Integration by parts (Lemma 3.1) to (ftt,Xl) + (k t ,Yt), we obtain the following 
relations 

e(vM*t),X^ +E(v y h(y ,),Y ^J = e(p t , X^j + - k , Y^j 
= ~ E J q {^xH{t,x t ,y t ,z t ,f t (-),u t ,p t ,qt,Pt{-),kt),X} 
-E (v y H(t, x t , y t , z t ,h{-),u t ,pt, q t , Pt(-),k t ), Y? 
-E J (v z H(t, x t , y t , z t ,rt{-),u t ,pt, q t ,$t(-),k),zA dt 

J {pt,^xb{t,xt,yt,z t ,rt{-),u t )Xl + V yb(t,x t ,yt,z t ,rt{-),ut)Y^ 



dt 
dt 



-E 
+E 
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+V z b(t,x tl y t ,z t ,r t (-),u t )Zt + / V r r.\b(t, x t , y t , z t , f t {-), u t )R t (e)n(de) 

Jg 

+V v b(t,x t ,yt,z t ,r t (-),ut)9tj dt + E j (^q t ,V x g(t,x t ,y t ,z t ,r t (-),u t )Xt 
+V y g(t, x t , y t , z t ,h(-),ut)Yt + ^zg{t, x t ,y t , z t , n(-), u t )Z\ 
+ J V r (.)g(t,x t ,y t ,zt,rt(-),ut)Rt(e)TT(de) + V v g(t,x t ,y t ,zt,r t (-),ut)9t ^ 

+E [ p t (e),V x a(t,xt,yt,zt,r t (-),ut,e)Xt + V y a(t,xt,yt,zt,ft(-),ut,e)Y t l 

.Jo Js V 

+V z cr(t, x t ,yt, z t ,f t (-),u t , e)Z\ + / V r( .)cj(t, x t ,y t , z t ,f t (-),u t , e)R t (e)ir(de) 

J $ _ 

+V v a(t, x t ,y t , z t ,r t (-),u t , e)9 t J n(de)dt 



dt 



+ E I ~^ x ^ t ' ^' ft ^' ™^ X t 

-V 'yf{t,x t ,y t , zt,ft(-),ut)Yt - V ' z f(t,xt,yt,z t ,f t (-),u t )Z} 

- V r( .)/(t, £ t , y t , i t , h{-),ut)Rj(e)7r{de) - V v f(t, x t , y t , zt,r t (-),ut)8t\ dt 

-E J (v x l(t,xt,yt,zt,r t (-),ut),xfjdt - E J (v y l{t,x t ,yt,h,h{-),ut),Y^jdt 

-E J (vj(t,x t ,yt,zt,r t (-),ut),Zl\dt 

-E J (^ ri . ) l(t,x t ,yt,z t ,f t (-),u t ),Rl(e) S jTT(de)dt 

+ E j (^pt,V v b(t,x t ,y t ,zt,f t (-),ut)9t^jdt +E J (q t ,V v g(t,x t ,y t , z t ,h(-),ut)9?jdt 

j (% t , -V v f(t, x t , y t , z t ,r t (-),u t )9^j dt, 



+E 
+E 



(4.12) 

where the L 2 conditions (4.3-4.10) ensure that the stochastic integrals with respect to the Brow- 
nian motion and the Poisson random measure have zero expectations. 
Substituting (4.12) into (4.11), we have 

r-T 



E 



V v H(t, x t ,y t , z t ,f t (-),u t ,pt, q t , &(■), h),9 t dt 



0. 



(4.13) 



Fix t € [0, T] and apply the above to 9 = (0, • • • , 0j, 0, • • • ,0) where 6i(s) = ai{u)Xy t% t+r ] (s), s £ 
[0, T], t + r < T and a« = aj(u;) is bounded ej-measurable. 
Then it follows from (4.13) that 



E 



- rt+r 

1 



V Vi H(s,x s ,y s ,z s ,r s (-),u s ,p s ,q s ,f3 s (-),k s )aids 



0. 



Differentiating with respect to r at r = gives 



E 



V Vi H(t, x t , y t , z t ,f t (-),ut,pt, qt, 0t{-),h)ot 

Since this holds for all bounded e t -measurable on, we conclude that 

E[V Vt H(t,x t ,yt,Zt,f t (-),ut,pt,qt,f3t{-),k)\£t} = 
The proof of Theorem 4.1 is completed. 



0. 



□ 
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